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For an inﬁnite elastic plane with a sharp V-notch under the action of symmetrically loading at inﬁnity, the
length of crack initiation ahead of the V-notch’s tip is estimated according to a modiﬁed Grifﬁth
approach. Applying a new conservation integral to the perfectly plastic strip (Dugdale model) ahead of
the V-notch’s tip, the relationship between notch stress intensity factor (NSIF) and notch tip opening dis-
placement (NTOD) is presented. Also, the relationship between NSIF and perfectly plastic strip size (PPSS)
is found. Since there are three fracture parameters (NSIF, NTOD, and PPSS) with changeable notch open-
ing angle in two basic relationships, it is necessary to select one critical parameter with changeable notch
opening angle or two independent critical parameters, respectively. With the help of a characteristic
length, it is found by this new conservation integral that the NSIF, NTOD and energy release rate are
equivalent in the case of small-scale yielding. Especially, the characteristic length possesses clear physical
meaning and, for example, depends on both the critical NSIF and SIF or both the NTOD and CTOD, respec-
tively, in which SIF and CTOD are from the tip of a crack degenerated from the sharp V-notch. The depen-
dence of NSIF on NTOD and PPSS is presented according to the equivalence, and the critical NSIF
depending on the critical NTOD with a notch opening angle is also predicted.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
A review article (Savruk and Kazberuk, 2010) points out that
although the methods for cracked bodies are most completed, in
the case of bodies with V-notches these methods are at an early
stage of development. Indeed, since the intensity of stress ﬁeld
near the tip of a crack can be measured by J-integral, it is proved
that the SIF, CTOD and energy release rate are equivalent (Rice,
1968a,b). Clearly, the equivalence means a kind of completeness
of the theory for a small-scale plastic zone ahead of the tip of a
crack.
However, by calculating J-integral around the V-notch’s tip at
r = 0, the same usage as that for a crack gives a function of radial
r (Lazzarin et al., 2002)
J ¼ b
2
1r sin c
2k 1
ðKNI Þ
2
E0
r2k1;
1
2
 k < 1
 
; ð1Þ
where KNI is the NSIF, k is the real positive eigenvalue for Mode I
problem, and b1r and c are the parameters that depend on notch
opening angles. Here, E0 is given by the Young’s modulus E for plane
stress or E=ð1 m2Þ for plane strain, in which m is the Poisson’s ratio.
Although the J-integral has been modiﬁed for solving various prob-lems (Lazzarin et al., 2002; Livieri, 2008; Livieri and Tovo, 2009),
establishing an equivalent identity of the NSIF, energy release rate
and NTOD with plasticity for a sharp V-notch is an open problem.
For example, based on ﬁnite fracture mechanics approach, a
structure parameter for failure of a sharp V-notch has been dis-
cussed for establishing brittle fracture criteria (Neuber, 1958;
Knesl, 1991; Seweryn, 1994; Lazzarin and Zambardi, 2001; Ayatol-
lahi and Torabi, 2010; Carpinteri et al., 2010). Typically, Carpinteri
et al. (2008) presents the values DSE of ﬁnite crack extension from
the tip of a sharp V-notch
DSE ¼ 2
kw2
KIC
ru
 2
; ð2Þ
where KIC is the fracture toughness of a crack, ru is the ultimate
tensile strength for brittle materials, and w is a parameter
depending on notch opening angles. On the other hand, the en-
ergy criteria have been developed (Lazzarin and Zambardi,
2001; Yosibash et al., 2004; Lazzarin and Berto, 2005; Berto
and Lazzarin, 2009). With the help of the asymptotic matching
technique, considering the potential energy change, Leguillon
(2002) gave an estimation of crack initiation length c ahead of
the V-notch’s tip
c ¼ GC ½shðh0Þ
2
Kðx; h0Þr2C
; ð3Þ
W. Shi / International Journal of Solids and Structures 51 (2014) 904–909 905where GC is the critical energy release rate, rC is the critical tension,
both shðh0Þ and Kðx; h0Þ are the coefﬁcients depending on crack ini-
tiation direction and notch opening angle. Clearly, both expressions
(2) and (3) mean that a crack may emanate from the tip of a sharp
V-notch in a jump manner suddenly.
The plastic theory has been applied to a sharp-V-notch with
experiments (Kuang and Xu, 1986; Stranberg, 2002; Gomez and
Elices, 2003). In the respect of small-scale plastic zone ahead of
the V-notch’s tip, the problem of perfectly plastic strip (Dugdale,
1960) has been solved by Savruk et al. (2003). It is questionable
to aforehand assume that the critical NTOD is independent of the
opening angle of a sharp V-notch. Making use of the asymptotic
matching technique, Henninger et al. (2007) and Murer and Legu-
illon (2010) analyzed the cohesive zone model ahead of a sharp V-
notch. The obtained NTOD contains a reference SIF from a related
crack, and this kind of solution seems to be incomplete since the
stress state of a perfectly plastic strip itself is independent of a con-
ﬁguration and the reference SIF may not be necessary. Even so,
they recognized some facts and indicated necessary for further
research.
Recently, according to Noether’s theorem (Noether, 1918), a
new conservation integral has been proposed (Shi, 2012)
Im
I
C
fðzÞ½/0ðzÞ2dz ¼ 0; ð4Þ
where fðzÞ is any conformal transformation which can be adjusted,
and /ðzÞ is an analytic function which may come from the general
solution of a plane physics problem. In this paper, based on this
conservation integral (4), equivalence of the NSIF, NTOD and energy
release rate is proved, from which the open problems mentioned
above are inspected.
In Section 2, the energy release rate of an initial crack emanat-
ing from the tip of a sharp V-notch is discussed. In Section 3, a per-
fectly plastic strip (Dugdale model) ahead of the V-notch’s tip is
considered, and the conservation integral (4) is applied to obtain
NTOD. In Section 4, an equivalent identity among the NSIF, NTOD
and energy release rate is presented. Based on the equivalence,
the critical parameters can be selected appropriately. Concluding
remarks is presented in Section 5.
2. Energy release rate
2.1. An initial crack emanating from the tip of a sharp V-notch
As shown in Fig. 1(a), for an inﬁnite elastic plane with a sharp V-
notch, if there is no crack, the stress r22 near the V-notch’s tip un-
der the action of symmetrically loading at inﬁnity is (Williams,
1952; Gross and Mendelson, 1972)Fig. 1. (a) Conﬁguration of a sharp V-notch with opening angle 2b ¼ 2ðpr22 ¼ K
N
Iﬃﬃﬃﬃﬃﬃ
2p
p xk11 ;
1
2
 k < 1
 
; ð5aÞ
where the lowest real positive eigenvalue k with physical meaning
comes from an eigen equation
sinð2kaÞ þ k sinð2aÞ ¼ 0 ð5bÞ
It is assumed that the crack initiation ahead of the tip of a sharp
V-notch occurs, as shown in Fig. 1(b). The relationship between V-
notch’s KNI and KIðaÞ at the tip x1 ¼ c of initial crack has been dis-
cussed by Hasebe and Iida (1978), Philipps et al. (2008) and Livieri
and Tovo (2009). Carpinteri et al. (2008) gave an expression
KIðaÞ ¼ HðaÞp c
k1=2KNI ; ð6aÞ
where c is the length of an initial crack, and
HðaÞ ¼ B k;1
2
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pð2aþ sin 2aÞ
2ða2  sin2 aÞ
s
þ B kþ 1;1
2
 
gðaÞ
þ B kþ 2;1
2
 
hðaÞ; ð6bÞ
gðaÞ ¼ 1 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pð2aþ sin 2aÞ
2ða2  sin2 aÞ
s
þ f1ðaÞ; ð6cÞ
hðaÞ ¼ 2þ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pð2aþ sin 2aÞ
2ða2  sin2 aÞ
s
 f1ðaÞ; ð6dÞ
f1ðaÞ ¼ ½1:103þ 3:615ða=pÞ2  0;718ða=pÞ3=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ða=pÞ3
q
; ð6eÞ
wherein Bðk;1=2Þ, Bðkþ 1;1=2Þ and Bðkþ 2;1=2Þ are the Beta func-
tion. After checking all the functions in (6b) with the help of (A-2) in
Appendix, it is known that
HðaÞ ! HðpÞ ¼ p; ð7Þ
when the sharp V-notch degenerates into a semi-inﬁnite crack
b ¼ p a ¼ 0 shown in Fig. 1(b).
Near the tip x1 ¼ c of an initial crack, a displacement jump
across upper and lower surfaces is (Rice, 1968b)
Du2 ¼ uþ2  u2 ¼
8KIðaÞﬃﬃﬃﬃﬃﬃ
2p
p
E0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c  x1
p
; ð8Þ
where the superscripts + and  refer, respectively, to the upper and
lower surfaces of crack. The energy release rate G for crack initiation
can be written as
G ¼ lim
c!0
1
2c
Z c
0
Du2r22dx1: ð9ÞaÞ;(b) An initial crack with length c emanating from the V-notch’s tip.
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sults in
G ¼ 2Bðk;3=2Þ
HðaÞ
½KIðaÞ2
E0
; ð10Þ
where Bðk;3=2Þ is the Beta function. When the sharp V-notch
degenerates into a crack a ¼ ðp bÞ ! p and kðpÞ ¼ 1=2, with the
help of (7) and (A-2) in Appendix, the energy release rate (10) is re-
duced to a classical result
G1 ¼ ½KIðpÞ
2
E0
; ð11Þ
where KIðaÞ ! KIðpÞ is the SIF of a semi-inﬁnite crack shown in
Fig. 1(b).
2.2. Estimation of initial crack length c
Substituting (6a) into (10) yields
G ¼ 2HðaÞBðk;3=2Þ
p2
c2k1
ðKNI Þ
2
E0
: ð12Þ
It should be mentioned that for the same materials with neglecting
surface deformation, there is the same surface energy c per unit
area, which does not depend on conﬁguration. Therefore, a modiﬁed
Grifﬁth approach can be considered, since a pre-crack does not exist
and there exists a sharp V-notch. Although there are three kinds of
expression (10)–(12) for energy release rate, based on the consider-
ation of Grifﬁth theory (Grifﬁth, 1921), expression (10)–(12) with
critical KICðaÞ, KICðpÞ and KNIC , respectively, lead to
GC ¼ G1C ¼ 2c; ð13Þ
which give the estimation
c ¼ pKICðaÞ
HðaÞKNIC
" # 2
2k1
¼ p
2
2HðaÞBðk;3=2Þ
KICðpÞ
KNIC
" #28<
:
9=
;
1
2k1
¼ p
2cE0
HðaÞBðk;3=2ÞðKNICÞ
2
" # 1
2k1
: ð14Þ
Apparently, when the sharp V-notch degenerates into a crack
a ¼ ðp bÞ ! p and kðpÞ ¼ 1=2, one knows KNIC ¼ KICðaÞ ¼ KICðpÞ
due to the action of symmetrically loading at inﬁnity. In this case,
expression (14) with (7) and (A-2) in Appendix is reduced to
c ¼ 11 for crack extension without dimension, which means unde-
termined. However, for a sharp V-notch b ¼ p a > 0 shown in
Fig. 1(b), c is a ﬁnite length with dimension. That is, both the linear
elasticity and modiﬁed Grifﬁth approach indeed lead to the result
of a jump manner about failure of a sharp V-notch.Fig. 2. (a) Dotted line CP and C are integral paths and the limiting path CP is along th3. Perfectly plastic Dugdale model
3.1. Plastic zone size R
When Dugdale model is used (Dugdale, 1960), the plastic zone
is considered to be a strip with perfect plasticity, which is capable
of unlimited deformation with yielding stress rY along x2 direction,
as shown in Fig. 2.
If the plastic strip is considered to be a so-called initial crack un-
der the action of yielding stress rY , as shown in Fig. 2(a), Tada et al.
(1973) presented a SIF at the tip x1 ¼ R as follows
KIðrY ;aÞ ¼ rY
ﬃﬃﬃﬃﬃﬃ
pR
p
FðaÞ; ð15aÞ
FðaÞ ¼ ½0:1755þ 0:219ða=pÞ þ 0:385ða=pÞ2
þ 0:120ða=pÞ3=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ða=pÞ3
q
; ð15bÞ
FðaÞ ! FðpÞ ¼ 0:8995: ð15cÞ
Actually, for symmetrically loading at inﬁnity, the SIF at the tip
of initial crack ahead of the V-notch’s tip has been given in expres-
sion (6a), and the stress at the tip x1 ¼ R of plastic strip should be
bounded. This can be carried out by using the superposition
principle
KIðaÞ þ KIðrY ;aÞ ¼ 0: ð16Þ
By letting c ¼ R, substituting (6a) and (15a) into Eq. (16) yields
KNI ¼
ﬃﬃﬃﬃﬃﬃ
p3
p
FðaÞ
HðaÞ rYR
1k or R ¼ HðaÞﬃﬃﬃﬃﬃﬃ
p3
p
FðaÞ
KNI
rY
" # 1
1k
: ð17Þ
Clearly, when the sharp V-notch degenerates into a crack
a ¼ ðp bÞ ! p and kðpÞ ¼ 1=2 shown in Fig. 2(a), one knows
KNI ! KIðpÞ, and the second in (17) with the help of (7) and (15c)
is reduced to
R ¼ 0:3934 KIðpÞ
rY
 2
ð18Þ
This result is numerically very close to
R ¼ ðp=8ÞðKI=rY Þ2 ¼ 0:3927ðKI=rYÞ2 of the Dugdale model ahead
of the tip of a semi-inﬁnite crack (Rice, 1968b) although the used
expression (6a) and (15a) do not come from exact closed-form
solutions.
3.2. NTOD of a sharp V-notch
As shown in Fig. 2(b), the opening displacement d is deﬁned as
d ¼ uþ2  u2 : ð19Þe upper and lower surfaces of a black plastic strip; (b) The opening displacement.
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opening displacement (Shi, 2012; Shi and Lu, 2013)
Im
I
C
4
E0
fðzÞ½UðzÞ2dz ¼ 0; ðz ¼ x1 þ ix2; i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
Þ; ð20aÞ
UðzÞ ¼ /0ðzÞ ¼ r11 þ r22
4
þ iE
0
4
x; x ¼ 1
2
ðu2;1  u1;2Þ; ð20bÞ
where fðzÞ ¼ z12k is a conformal transformation and selected for a
sharp V-notch in Mode I problem, UðzÞ ¼ /0ðzÞ is an analytic func-
tion of the general solution for plane elasticity (Muskhelishvili,
1963), and x is the rotation.
Since the perfectly plastic strip is with yielding stress rY along
x2 direction, it is known that along the limiting path CP of the
upper and lower surfaces of a plastic strip, as shown in Fig. 2(a),
the shear stress and strain r12 ¼ Gðu1;2 þ u2;1Þ ¼ 0. Therefore, a
jump of rotation x in (20b) across the plastic strip is
xþ x ¼ uþ2;1  u2;1 ¼
dd
dx1
: ð21Þ
Moreover, for the perfectly plastic strip ahead of the tip of a semi-
inﬁnite crack, Rice (1968b) presented a closed-form solution of
/0ðzÞ, which reads
/0ðx1Þ ¼ rY2  i
rY
2p
ln
ﬃﬃﬃ
R
p
þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃR x1pﬃﬃﬃ
R
p
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃR x1p : ð22Þ
Emphatically speaking, the stress state of a perfectly plastic strip
suggested by Dugdale (1960) is the same for both crack and sharp
V-notch, so that the stress in (20b) along the path CP is
r11 þ r22
4
¼ rY
2
: ð23Þ
Applying the conservation integral (20a) along the path CP with
anticlockwise direction and considering (21) and (23), it is derived
that
SW ¼ SþW þ SW ¼ rY
Z R
0
dd
dx1
x12k1 dx1; ð24Þ
where SþW and S

W mean that the integration is along the upper and
lower surfaces of a plastic strip. On the other hand, integration of
conservation integral (20a) along any path Cwith the same integral
endpoints shown in Fig. 2(a) reads (Shi and Lu, 2013)
SW ¼ PðaÞ ðK
N
I Þ
2
E0
; ð25aÞ
PðaÞ ¼ 4a
p½1þ k cosð2kaÞ  k cosð2aÞ2
; ð25bÞ
PðaÞ ! PðpÞ ¼ 1: ð25cÞ
Therefore, both the path-independence of (20a) and small-scale
yielding lead to
SW ¼ PðaÞ ðK
N
I Þ
2
E0
¼ rY
Z R
0
dd
dx1
x12k1 dx1: ð26Þ
Inspecting Eq. (26) with the help of expression (17), it is known that
dd=dx1 is a constant. After calculating Eq. (26) with d ¼ 0 at x1 ¼ R, it
is found that
d ¼ 2ð1 kÞp3PðaÞ FðaÞ
HðaÞ
 2 rY
E0
ðR x1Þ ð27Þ
One can check that when the sharp V-notch degenerates into a
crack a ¼ ðp bÞ ! p and kðpÞ ¼ 1=2, the reduced expression (27)
is very close to the linearized result with 0  x1=R < 1 for a crack gi-ven by Rice (1968b). With the help of (17), the NTOD at the tip
x1 ¼ 0 of a sharp V-notch can be written as
dt ¼ 2ð1 kÞp3PðaÞ FðaÞHðaÞ
 2 rY
E0
R
¼ 2ð1 kÞPðaÞ HðaÞﬃﬃﬃﬃﬃﬃ
p3
p
FðaÞ
" #2k1
1k rY
E0
KNI
rY
 ! 1
1k
: ð28Þ
Clearly, when the sharp V-notch degenerates into a crack
a ¼ ðp bÞ ! p and kðpÞ ¼ 1=2; expression (28) with the help of
(7), (15c), and (25c) is reduced to the CTOD of a semi-inﬁnite crack
(Rice, 1968b)
dt ¼ 2:5419rYE0 R ¼
½KIðpÞ2
E0rY
: ð29Þ
All the above comparisons are necessary, since there is no closed-
form solution for a sharp V-notch and the solutions obtained by
interpolation are employed (Carpinteri et al., 2008; Tada et al.,
1973).
4. Equivalence and discussion
4.1. Equivalent identity
Substitution of (27) into (26) results in
SW ¼ PðaÞ ðK
N
I Þ
2
E0
¼ rYdt
2ð1 kÞR
12k: ð30Þ
By introducing a characteristic length
l ¼ 2HðaÞBðk;3=2Þ
p2PðaÞ
  1
2k1
c ð31Þ
to connect the energy release rate (12) with expression (30), the fol-
lowing identity always holds
SW ¼ PðaÞ ðK
N
I Þ
2
E0
¼ rYdt
2ð1 kÞR
12k ¼ Gl12k: ð32Þ
This is the equivalence of the NSIF, NTOD and energy release rate G.
4.2. Physical meaning of the characteristic length l
It should be pointed out that the characteristic length l in (31) is
a geometric relationship with changeable notch opening angle
2b ¼ 2ðp aÞ. As mentioned above, the length c of an initial crack
ahead of the V-notch tip is derived from the linear elasticity and
modiﬁed Grifﬁth approach. Actually, substitution of (14) into
(31) results in
l ¼ 1
PðaÞ
KICðpÞ
KNIC
" #28<
:
9=
;
1
2k1
ð33Þ
Further, by considering the critical RC , dtC , K
N
IC , RC , dtC and KICðpÞ of
plastic failure, the following expression can be derived from (33)
with the help of (17), (28), and (29) as follows
l ¼ 2ð1 kÞ
dtC
dtC
  1
2k1
RC : ð34Þ
That is, the characteristic length l possesses clear physical meaning,
which contains the critical CTOD dtC or fracture toughness KICðpÞ of
a semi-inﬁnite reference crack. When the sharp V-notch degener-
ates into a crack a ¼ ðp bÞ ! p and kðpÞ ¼ 1=2, one knows
KNI ! KIðpÞ, and the equivalent identity (32) with the help of
908 W. Shi / International Journal of Solids and Structures 51 (2014) 904–909(25c) is reduced to a classical equivalence J ¼ ðKIÞ2=E0 ¼ rYdt ¼ G
for a crack (Rice, 1968b).4.3. Prediction of failure criterion
If SW in identity (32) is selected as a critical parameter SWC , the
corresponding failure criterion reads
KNI ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E0
PðaÞ SWC
s
: ð35Þ
With the help of (25a), it is known that this failure criterion (35) is
equivalent to the classical form (Cherepanov, 1979; Dunn and Suw-
ito, 1997)
KNI ¼ KNICðbÞ: ð36Þ
Apparently, when the perfectly plastic Dugdale model is consid-
ered, there are two basic Eq. (29) with three fracture parameters
KIðpÞ, dt and R for a crack. Since only one is independent, KICðpÞ
or dtC has been selected as a critical parameter for crack problems.
However, there are three fracture parameters KNI , dt and R with a
changeable notch opening angle a ¼ ðp bÞ in two basic Eq. (28)
for a sharp V-notch. Only when the notch opening angle
a ¼ ðp bÞ is ﬁxed, there needs to be one critical parameter se-
lected among KNIC , dtC and RC .Fig. 3. The dimensionless relationship between ~KNIC ¼ KNIC ðbÞ=½rkY ðE0If dtC is selected as a critical parameter, the failure criterion
reads
dt ¼ dtC : ð37Þ
By using (28), this failure criterion (37) may be rewritten as
KNI ¼
ﬃﬃﬃﬃﬃﬃ
p3
p
FðaÞ
HðaÞ
" #2k1
rY
½2ð1 kÞPðaÞ1k
ðE
0dtC
rY
Þ
1k
: ð38Þ
Introducing a reference length L, the dimensionless NTOD may be
expressed as
~dtC ¼ dtC=L: ð39Þ
Due to the equivalence (32), it is known with (36) and (38) that
KNICðbÞ
rkY ðE0LÞ
1k ¼
ﬃﬃﬃﬃﬃﬃ
p3
p
FðaÞ
HðaÞ
" #2k1
~d1ktC
½2ð1 kÞPðaÞ1k
; ð40Þ
which is plotted in Fig. 3 and shows the relationship between KNIC
and dtC .
5. Concluding Remarks
According to a new conservation integral (4) and (20a), the per-
fectly plastic Dugdale model ahead of the V-notch’s tip is investi-
gated, and the equivalent identity (32) of NSIF, NTOD and energyLÞ1k and ~dtC ¼ dtC=L with notch opening angle 2b ¼ 2ðp aÞ.
W. Shi / International Journal of Solids and Structures 51 (2014) 904–909 909release rate is established for the case of small-scale yielding.
Based on the solution of perfectly plastic Dugdale model and the
equivalent identity, it is proved theoretically that one independent
critical parameter with changeable notch opening angle or two
independent critical parameters, respectively, are necessary to
establish the failure criterion for a sharp V-notch. Since the maxi-
mum opening displacement is at the V-notch’s tip (27), the per-
fectly plastic Dugdale model does not support the viewpoint of
that a crack may emanate from the tip of a sharp V-notch in a jump
manner suddenly. Apparently, if we accept that KNIC plays a same
role as KICðpÞ for a semi-inﬁnite crack, KNIC can be accepted as a con-
ﬁgurational fracture toughness and the characteristic length l in
(33) and (34) can be accepted as an angle inﬂuence material
parameter. A failure criterion is predicted based on the critical
NTOD (38).
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Appendix A
Beta function is deﬁned as
Bðp; qÞ ¼
Z 1
0
tp1ð1 tÞq1dt; ðRep > 0; Req > 0Þ: ðA-1Þ
When the sharp V-notch degenerates into a crack with
b ¼ p a ¼ 0, the eigen Eq. (5b) gives kðaÞ ! kðpÞ ¼ 1=2 and it is
known that
Bðk;1=2Þ ¼ p;Bðkþ 1;1=2Þ ¼ Bðk;3=2Þ ¼ p=2; Bðkþ 2;1=2Þ
¼ 3p=8: ðA-2ÞReferences
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